In this paper, a nonlinear integral system is considered in critical space. Some important properties of positive solutions such as symmetry, monotonicity, integrability, and asymptotic behaviors, are obtained. Moreover, by comparison and analysis, we discover that those properties are an important tool to characterize the tightness of the system.
Introduction
In this paper, we consider the following nonlinear integral system involving the weighted Riesz potentials: where  < λ < n,  < β + λ < n, and p, q, r ≥  satisfying p + q + r = (n -λ -β)/λ. Recently, there has been tremendous interest in studying integral systems. Because the integral equation(s) not only formulate abstractly many laws and relations in science, engineering, economics, and other fields of applied science, but also they provide a special technique to investigate the global properties of the corresponding differential equation(s) due to the fact that the integral equation(s), under certain integrability conditions, is (are) equivalent to differential equation(s). We recall some related background and investigations as follows.
As u(x) = v(x) = w(x) and  < β < n -λ, p + q + r = (n -β)/λ -, the system (.) can be reduced to the following single equation: (.)
The equations (.), under some integrability condition, is equivalent to the following differential system:
which are closely related to stationary Schrödinger system with critical exponents for the Bose-Einstein condensate. Li and Ma in [] showed that for n ≥ ,  ≤ p  , q  ≤ (n + )/(n -), and
is radially symmetric and unique.
Later on, Zhao and Lei in [] considered the following weighted nonlinear system:
The authors in [] showed that as λ+β < n,  ≤ β < λ and p  +q  = (n-λ-β)/(λ+β), any positive solution pair (u, v) 
if (n -λ)(λ + β) ≥ nβ, then the positive solution pair (u, v) of system (.) is bounded and satisfies
An analogous integral system of (.) is
It is closely related to the best constant in the weighted Hardy-Littlewood-Sobolev inequality.
Assume that  < r, s < ∞,  < λ < n, α + β ≥ , /r + /s + (λ + α + β)/n = , and  -/r -λ/n ≤ α/n <  -/r, the well-known weighted Hardy-Littlewood-Sobolev inequality states that
To find the best constant C(λ, α, β, n) in the above inequality, one can maximize the functional
under the constraints
The corresponding Euler-Lagrange equations are the following integral system:
Here f , g ≥ , and
, the integral system (.) becomes (.). By the method of moving plane in integral form, Jin and Li in [] showed that all of the positive solutions of (.) are radially symmetric. Subsequently, they used the regularity lifting lemma and showed, when α, β > , that  < λ < n and p, q >  satisfy
and for (q + )(λ + β) < n When α + β ≥ , the pair of solutions (u, v) of (.) have the following asymptotic behaviors at the origin:
At the same time, (u, v) at infinity admits the following asymptotic behaviors:
Here, we use the notation w(x) C/|x| t to denote that lim x→ or ∞ |x| t w(x) = C for a function w(x), a real number t, and a non-zero real number C.
In this paper, we will study some important properties of (.), such as symmetry, monotonicity, integrability, and asymptotic behaviors. At the same time, by comparison and analysis, we observe that the related properties are important tools to characterize the tightness of the system. Specifically, our main results can be formulated as follows. 
Theorem . Let (u, v, w) be a pair of positive solutions of (.) and p
We have the optimal decay estimates
Remark . Comparing Theorem . with the results of (.) in [], the pair of solutions has the same radial symmetry and is decreasing about the origin. But the integrable intervals and asymptotic behaviors of solutions for the system (.) are different from those of (.). The different structure leads to a Kelvin transform used in [-] to obtain the decay estimate of (.), which is invalid for the system (.). Therefore, we have to look for a new way to obtain the asymptotic result. Precisely, the difference between systems (.) and (.) leads to the thoroughly different asymptotic behavior at infinity. Indeed, by (.) and (.), we have learned that the asymptotic behavior of u and v in (.) is completely different, however, for the system (.), we know from (.), (.), and (.) that the solution (u, v, w) has the same decay estimate at infinity. This implies that the triplet (u, v, w) in (.) is tighter than those of system (.). The other significant difference between (.) and (.) is the corresponding optimal integrable intervals of solutions. From (.), we know that the triplet (u, v, w) in (.) admits the same optimal integrable intervals. However, for the pair of solutions (u, v) in system (.), the optimal integrable interval of u is different from the one of v.
Remark . We remark that the integral system (.) considered in [] can be regarded as the special cases of (.) with v = w and r = p. At the same time, the system (.) including its reduced model (.) studied in [], have similar radial symmetry, monotonicity, and asymptotic behavior to our system (.). However, the solution space
. Moreover, the method for the upper bound estimate of integrable interval to system (.) in our paper is completely different from the one in [] . By contrast, our technique is more simple than the one used in [] .
The rest of this paper is organized as follows. In Section , we will consider R  and the proofs of R  will be given in Section . Finally, we will build up the sharp asymptotic estimates of (.) in Section .
Throughout this paper, we always use the letter C to denote positive constants that may vary at each occurrence but are independent of the essential variables.
Radial symmetry
To obtain our results, in this section, we will use the method of moving plane in the integral forms recently introduced by Chen et al. in [] and prove the radial symmetry and monotonicity of positive solutions of system (.). First of all, we introduce some necessary lemma.
For a given real number μ ∈ R, define
and let
Proof By a direct calculation, it is easy to check that
(.) is a direct result of the above equations. Similarly, we get (.) and (.). This completes the proof of Lemma ..
Proof of R  Now, we turn to the first part of Theorem .. The proof is made up of two steps. In
Step , we compare the values of u(x) with u μ (x), v(x) with v μ (x) and w(x) with w μ (x) on μ , respectively, and show that for sufficiently negative μ < , we have
In
Step , we continuously move the plane x  = μ along the x  direction from near negative infinity to the right as long as (.) holds. By moving this plane in this way, we finally show that the plane will stop at the origin. Next we turn our attention to Step .
Step : Since A  (x) <  and |y μ | > |y| for any y ∈ μ , we have
Similarly, we conclude that
and
Since p + q + r = (n -λ -β)/λ and  < β + λ < n,
By the weighted Hardy-Littlewood-Sobolev inequality and the Hölder inequality, we conclude that
Similarly, we have
This together with (.), implies that
we can choose N >  large enough, such that for any μ ≤ -N < ,
which, combined with (.), implies that
With the same method, we have
This together with (.), (.), and (.) leads to Step : We will continuously move the plane x  = μ to the right as long as (.) holds. Indeed, suppose that at x  = μ  < , we have, for any
Next, we will show that the plane can be moved further to the right. Precisely, there exists an depending on n, α, λ, β and the solution (
, and the non-negativity of u, v, w,
From the analysis mentioned above, it is easy to check that the 
So (.) and (.) hold. Thus we also have
which implies that the measures of 
On the other hand, noting that |x μ  | > |x| for any x ∈ μ  , we have
which obviously contradicts with (.). Since the direction is arbitrary, we derive that u and v are radially symmetric about the origin and decreasing. This completes the proof of R  .
Integrability
In this section, we will apply the regularity lifting lemma to obtain the integrable intervals of the solutions of system (.). On the other hand, a new skill is adapted to get the uniformly bound of positive solutions. Here, for completeness, we first of all give the regularity lifting lemma as follows. 
Suppose that T is a contraction map from a Banach space X into itself and from a Banach space Y into itself. If f ∈ X and there exists a function g
be a positive solutions of (.). Then
Proof For every fixed real number A > , set
, otherwise, and
By (.), we have
On the other hand, denote B(x) as follows:
Therefore, this, together with (.), implies that B(x) is a bounded positive function in R n and
To obtain the integrability of f (x), define the following functional:
Obviously, by (.), f (x) is a positive solution of the following equation:
To obtain the integrability of f (x), we first of all build up a prior estimate of M A (g) (x) and
, by the weighted Hardy-Littlewood-Sobolev inequality, we conclude that for ∀r ∈ (n/λ, +∞)
Hence, according to the definition of f A , we can choose a real number A large enough such that 
Remark . Note that M A (g)(x) is not a contraction mapping from L
therefore the regularity lifting lemma is unavailable and we have to look for a new way to obtain the bound estimate.
Asymptotic behavior
In this section, we show R  , which implies the sharp decay rates of u and v at infinity. The proof is made up of two propositions. Proof Note that n(p + q + r -) (n -β -λ)(p + q + r) = n n -λ -β and nnβ λ + β > .
